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2orders of magnitude, even if avour-changing eects are
suÆciently suppressed: see [8] for a recent review. The
\supersymmetric CP problem" seems to require the soft
phases to be ne-tuned to be small, which is unnatural
since no symmetry is restored when the phases vanish.
Alternative proposals include approximate CP [9, 10],
where all phases including Æ are small and superpartner
diagrams contribute signicantly to the observed CP vio-
lation, large superpartner masses [11, 12] which suppress
the loops contributing to EDM's, and cancellations be-
tween relatively large phases [13, 14]. These proposals re-
quire particular patterns of soft terms or of CP-violating
phases, which should have some motivation, rather than
being an arbitrary choice in parameter space: string mod-
els can give such relations [15] since all the soft parame-
ters are in principle determined by the moduli values.
Given the complexity of most (semi-)realistic string
constructions, only toy models currently exist, based on
heterotic string orbifolds [16, 17, 18, 19]; they do however
include the essential features of complex moduli stabi-
lized after SUSY-breaking, which in turn determine the
relevant low-energy couplings. However, even these sim-
ple models are somewhat diÆcult to interpret: the as-
signment of the Standard Model matter to string states
is ambiguous, so the CP transformation is only dened
up to a unitary matrix; thus it is nontrivial to decide
whether CP violation actually occurs or not. The mod-
els also possess a target-space duality symmetry acting
on the moduli and the matter elds, which usefully con-
strains the form of the scalar potential and couplings;
however, the results for low-energy parameters are not
manifestly duality-invariant, due to the nontrivial trans-
formation of the observable elds.
A. An unambiguous condition for CP violation
As a rst step towards describing the CP phenomenol-
ogy of string theory, we need a clear criterion of whether
or not CP is broken by scalar eld v.e.v.'s in the presence
of such nontrivial duality symmetries. In this paper we
use the freedom to use a unitary redenition of matter
elds to construct a condition on these v.e.v.'s for CP vi-
olation to occur. The modular CP invariance condition
allows the orbifold toy model results to be easily inter-
preted, and provides a strong constraint on the models.
It generalises conditions for CP violation in gauge the-
ory SCPV models [6] to any eld theory model where
the dynamics and couplings of the CP-odd scalars are
constrained by some symmetry.
For a model of CP violation to be predictive, the rel-
evant scalars should transform under some symmetry
group, which also constrains the modulus-dependent cou-
plings of the SM elds (we stretch the usual string theory
denition of \modulus", as a scalar parameter with zero
potential in perturbation theory, to include all scalars
which may contribute to spontaneous CP violation). We
take the SL(2;Z) duality of some heterotic string com-
pactications [20] as our main example, in common with
existing models [51]. Then CP is violated only by modu-
lus values for which a CP transformation is not in the in-
ternal symmetry group, independently of the exact form
of the modulus-matter couplings. For the SL(2;Z) sym-
metry, the condition is surprisingly restrictive and rules
out some proposals for CP violation phenomenology. The
result should also be useful to evaluate other models of
the origin of CP violation.
B. CP in string theory and phenomenology
CP is a discrete gauge symmetry [21, 22] in a class






string theories, and so is not explicitly broken,
even by quantum gravity eects [23]. Thus, CP violation
is spontaneous, and in principle calculable. It is possible
to break CP by compactifying on a Calabi-Yau manifold
dened by complex parameters [24] but the dynamics of
these parameters, corresponding to moduli in the d = 4
eective theory, are diÆcult to calculate, and no explicit
models of this type exist. Compactication on an orb-
ifold preserving N = 1 SUSY respects CP symmetry [25],
except for v.e.v.'s of CP-odd scalars in the eective eld
theory, which is well-known in this case [26][52].
As potential sources of CP violation, as well as charged
Higgses, the eective eld theory for heterotic orbifolds
contains the gauge singlet dilaton, S, and modulus, T

,
scalars, whose axionic components ImS and ImT

cor-
respond to the v.e.v. of the antisymmetric tensor in 4-
d spacetime and in the compactied directions respec-
tively. These components are odd under CP transfor-
mation, which reverses the orientation of spacetime and
of the compactication manifold [21, 24]. CP violation
might also arise through v.e.v.'s of scalars charged un-
der a pseudo-anomalous U(1) [16] or by twisted moduli
associated to orbifold xed points, although these have
the drawback that the dynamics determining the CP-odd
v.e.v.'s are unclear[53].
Yukawa couplings in the supergravity eective theory
are holomorphic functions of string moduli [27], so com-
plex v.e.v.'s for the T

may lead to CP violation by the
CKM phase, as in the SM [17]. Soft SUSY-breaking
terms are also expected to break CP through complex





QCD vacuum angle is proportional to Im hSi at tree
level, so if non-zero it must be cancelled by other con-






arising from measurements of the EDM of
the neutron. Complex Yukawa couplings and soft terms
have been shown to arise in orbifold models [17, 18, 19]
when the moduli are stabilized after supersymmetry-
breaking by gaugino condensation, in the presence of T -
dependent threshold corrections. These are best regarded
as toy models, since they have an unrealistic gauge group
and matter spectrum; the assignment of the SM elds will
depend on further stages of symmetry-breaking, which
3may however introduce further sources of CP violation
[30]. Stabilization of the dilaton and moduli (including
twisted moduli) can also be achieved in Type I models
[31].
Even toy models are signicantly constrained by the
target-space duality acting on the T moduli and by the
possibility that complex phases may be removed by re-
dening the matter elds [32]. For example, Giedt [16]
showed that CP was in fact conserved for a particular
set of complex Yukawa couplings [17], assuming partic-
ular assigments of the SM elds to string states. The
modular CP invariance condition constructed here ex-
plains such results without having laboriously to consider
all possible eld redenitions. For the symmetry group
SL(2;Z) we conrm the conjecture [33] that values of T
on the boundary of the fundamental domain F are CP-
conserving, from which the result of [16] follows as a spe-
cial case. We also address the problem of the apparent
modular non-invariance of modulus-dependent coupling
constants, which occurs when the matter elds transform
non-trivially, and consider the possibility in the heterotic
string that CP may be conserved by T -dependent cou-
plings but violated by Im hSi. Finally we look at other
classes of semi-realistic string models and, briey, more
general models involving extra dimensions.
II. MODULAR SYMMETRY AND THE
LOW-ENERGY EFFECTIVE THEORY
The CP invariance condition will be constructed with
as few assumptions as possible, then applied to the ex-
ample of SL(2;Z) invariant compactications. For the
purpose of discussion we divide up the elds in the eec-
tive action   into \moduli"
^
T , classical elds which de-
termine the value of low-energy couplings and which are
to receive v.e.v.'s, and observable elds , whose excita-
tions can be produced and detected. Thus a Higgs dou-




) with v = hi,






to . Then, if




T );M()) =  (
^
T ;) 8M (1)
where M acts on M(
^
T ) and M() represent the action
of M on moduli and observable elds respectively. For
the example of SL(2;Z) duality, we have for the overall
volume modulus T
M : T 7! (T   i)(iT + Æ)
 1
; (2)
and for chiral matter superelds U and A (untwisted and
twisted respectively)














where the group element M is specied by integers ,
,  and Æ with Æ    = 1, the constant n
a
is the
modular weight of the eld A
a
and the unitary matrix
M depends on M but not on T . The transformations
(2), (3) are easily generalised to the case of two or more
independent moduli. At one loop in string theory the
dilaton S is also shifted under SL(2;Z) [26] (see eq. 11).
For   to be invariant, modulus-dependent couplings in
the low-energy theory must transform, so duality invari-
ance is spontaneously broken when T receives a v.e.v..
The gauge charges of matter elds are unchanged under
the duality and, although the action on the chiral su-
perelds (3) is nonunitary, the group acts unitarily on
canonically-normalised component elds [34].
If the symmetry group fMg is non-Abelian, individual
terms in the action may not be invariant, and modulus-
dependent couplings may mix with one another under
modular transformations: e.g. in orbifold twisted sectors,
for which the M
ab
in (3) are nondiagonal [27]. Results
for CP-violating couplings then become ambiguous, since
they appear to change under modular transformation
(which should leave physics invariant). We anticipate
that this problemmay be solved by a modulus-dependent
change of basis of observable elds (e.g. a transformation
to the mass eigenstate basis), such that the redened
elds are invariant under the combined action of (2) and
(3). Then the couplings of the redened elds are invari-
ant functions of the moduli, even though modular sym-
metry is spontaneously broken. Note that nondegenerate
mass eigenstates may not be mixed byM (except in the
pathological case where the states are permuted , and all
their modulus-dependent physical properties transform
accordingly).
III. GENERAL CP TRANSFORMATIONS AND
THE CP INVARIANCE CONDITION
The other ingredient in our construction is the concept
of general CP (GCP) transformations [32, 35]. CP sym-
metry can strictly be dened only for a CP-conserving
action, so the potentially CP-violating interactions are
to be treated as a perturbation to the CP-conserving ac-
tion  
g
, which will in general include all kinetic terms
and minimal gauge couplings. CP is then only dened
up to an element of the internal symmetry group fGg of
 
g
, which may include constant gauge transformations,
global symmetries and duality transformations. We write
the action of a particular GCP transformation GCP [G] on
the observable elds as GCP [G]() = (G())
CP
, where









































, complex scalars  and vectors
V

. Then CP is conserved if and only if there is at least
one element G
x
such that GCP [G
x
] leaves the eective
4action unchanged:










This is equivalent to nding some change of basis of ob-
servable elds that puts the action into a form invariant
under the standard CP transformations (4).
Since CP cannot be explicitly violated, the action is
invariant under a CP transformation acting on both the
values of the moduli and on observable elds. In general,







































). In the heterotic




) under CP, since the imag-
inary parts are CP-odd.
If the group element G is anomalous, the above state-
ments for the eective action   appear not to be strictly
valid, since G is not a quantum symmetry of the action
 
g
. Even if the perturbative couplings are GCP invari-
ant, a term in   proportional to TrF
~
F for the SU(3)
C
gauge group is generated by the action of G, so the eec-
tive 
QCD
angle will be shifted, in addition to changing
sign under CP. But this contradicts our belief that GCP
transformations should be physically equivalent to the
standard CP transformation (4). However, if we assume
that the strong CP problem is solved by the presence of
extra unobservable elds, then G may be altered to in-
clude, for example, a shift in the axion, or chiral rotations
of heavy fermions in a Nelson-Barr-like model, to cancel
the shift in .







T ;), where the group elementM
c
is chosen






















, a CP transfor-




-dependent physics should be invariant: CP cannot be




























In order to dene this transformation we require the ac-
tion of M
c
on the observable elds to be an element of
fGg. But this action leaves gauge charges invariant and
is unitary for properly-normalised elds: so (8) is a valid
(G)CP transformation.
























where the last equality follows from modular invariance









uli for which our condition (7) does not hold. Then un-





change, as shown in (10). This is our main result[54].
The CP invariance condition (7) is applicable to any
symmetry group acting on CP-odd scalars. For exam-
ple, in eld theory SCPV models one may impose Z
N
symmetries acting on the Higgses, and CP is unbroken
for vacua which are connected to their CP conjugates by
a Z
N
transformation. Our method extends such well-
known examples to highly nontrivial symmetries of the
type found in string theory, and does not require com-
plete specication of the model.
IV. APPLICATIONS
Now consider the heterotic orbifold models with dual-
ity group SL(2;Z) where the T moduli are the candidate
sources of CP violation. By using forM
c
the group gen-
erators T 7! 1=T , T 7! T +i, we see that CP is conserved
for T on the unit circle and on the lines ImT = 1=2;
that is, precisely on the boundary of the fundamental do-
main F . Thus the result [16] that the complex phases
of Yukawa couplings for the v.e.v.'s T = e
i=6
in a par-
ticular string model do not result in CP violation, fol-
lows immediately. So, if the v.e.v. of T is the source of
CP violation then it must lie inside the fundamental do-
main. This is diÆcult to achieve for stabilization mech-
anisms respecting modular invariance [36] but possible
using gaugino condensation with universal threshold cor-
rections [37, 38]. Thus, considering CP violation can give
clues about other aspects of the fundamental theory.
The solution of the supersymmetric CP problem by
complex T values lying on the boundary of F [28], leading
to soft terms that vanish or conserve CP, does not give a
consistent picture of CP violation, since the Yukawa cou-
plings would then also conserve CP. Conversely, the pro-
posal that soft SUSY-breaking terms are the only source
of CP violation [39, 40] is not motivated either in this
scenario (unless the KM phase vanishes by chance for
hT i at isolated points within F). For generic modulus
v.e.v.'s inside F , we expect CP violation in all possible
sets of couplings, favouring the proposals of approximate
CP or relatively large soft phases which evade the EDM
bounds by cancellations or nontrivial avour structure
[13, 14]. Approximate CP would result from modulus
v.e.v.'s close to the CP-conserving boundary of F . It is
worth remarking that approximate CP is a generic possi-
bility in string models that have light moduli, given that
the source of CP violation is the moduli v.e.v.'s.
We can also determine whether the dilaton v.e.v. can
lead to an acceptable pattern of CP violation in the het-
erotic string. The shift






ln(iT + Æ) (11)
5under modular transformations is inconsistent with the
CP invariance condition (7) unless ImS takes particular
isolated values, which would be unlikely given a particu-




of CP-violating \moduli", unless there is an axionic
symmetry which removes the dependence of low-energy
physics on ImS. Such a symmetry is desirable for the
dependence of 
QCD
, but it is likely to be strongly bro-
ken [29] by the dependence of SUSY-breaking on ImS.
Then, for hT i on the boundary of F the CP invariance
condition for S is
S






(; ; ; Æ) takes T 7! T

. If Im hSi does
not satisfy this then CP would be violated by the
S-dependence of the low-energy couplings only. The
Yukawa couplings, which in string theory do not depend
on ImS, would conserve CP, while soft SUSY-breaking
terms would break it via a complex F
S
. Unfortunately,
the dilaton-dependent CP violation that arises in the het-
erotic string is of the \universal" type, and appears to be
inconsistent with generating suÆciently large CP viola-
tion in the kaon system while respecting the experimental
bounds from fermion EDM's [13, 40].
Finally we examine the prospects for nding the origin
of CP violation in fundamental theory beyond the het-
erotic string, and ask to what extent our method is ap-
plicable. The obvious extension is to heterotic M-theory,
dened as the strong coupling limit of the heterotic string
[41]. For vacua which can be continuously connected to
the perturbative heterotic string by varying the size of the
11th dimension, CP should survive as a discrete gauge
symmetry and target-space modular invariance should
also hold (see [38]), so the result would still be applica-
ble, with the appropriate reinterpretation of the dilaton
and T moduli . Calculations of SUSY-breaking terms in
the M-theory limit of large S and T show exponentially
vanishing imaginary parts [37], so even if hT i lies inside
F the phases in soft terms may be negligible. However,
more work is needed to nd the behaviour of the Yukawa
couplings in this region. For non-standard embeddings
including vebranes, the status of modular invariance
and CP violation remains to be determined, although
recent work on the eective action [42] suggests that the
ro^le of the vebrane moduli may be similar to that of
S and T , as complex scalars potentially contributing to
spontaneous CP violation.
CP is also a discrete gauge symmetry in the perturba-
tive Type II string [22], but may not survive as such in
the presence of general D-brane congurations, since the
gauge group is altered. Then explicit CP violation by es-
sentially stringy or nonperturbative eects might occur,
so an axion would be needed to solve the strong CP prob-
lem and the calculability of CP-violating phases might
be aected. Taking the conservative position that non-
perturbative eects do not contribute signicantly, then
the picture of spontaneous CP violation through string
background elds survives and it would still be possible
to build eective eld theory models. The status of dual-
ity symmetries is slightly dierent from heterotic string:
type I/type IIB models are known to have T-duality sym-
metries that exchange the dilaton and dierent moduli
(see e.g. [43]) in the eective eld theory. In addition the
eective supergravity has SL(2;R) symmetries acting on
the compactication moduli, with sigma-model anoma-
lies cancelled by shifts in the twisted moduli rather than
the dilaton [44, 45]. If the sigma-model symmetry (or
a subgroup thereof) persists as a symmetry of the full
theory, then our result can be carried over in a rather
simple way; however, comparison with one-loop thresh-
old corrections [46] indicates that the situation is likely
to be more complicated. The origin of complex Yukawa
couplings is also a puzzle in these models, since there is
apparently no holomorphic modulus-dependence in the
perturbative superpotential.
More general \brane world" models, in which matter
elds are localized in extra-dimensional space, also allow
for CP violation [47, 48, 49], but the models use more
or less arbitrary assumptions about the sources of CP
violation, which lessen their predictivity. To put them on
a more denite footing, one should describe the dynamics
of the extra dimensions and of the localized \branes". In
essence it should be shown that the parameters which
are supposed to break CP actually take up the required
values, within a self-contained model. Then one should
use a condition analogous to (7) in order to evaluate the
models.
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